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1 Introduction 



The massless Thirring model [T] is a theory of a self-coupled Dirac field ip{x) 

CTh{x) =: ij{x)i-f^d^ip{x) -fi-^g- ^{x)Y^ix)^{xhf,'ip{x) (1.1) 

where g is & dimensionless coupling constant that can be both positive and negative as 
well and il){x) is a spinor field with two components "01 (x) and ip2{x) ^ . The products of 
fermion operators in the Lagrangian (jl.lj) are taken in the normal-ordered form at the 
scale /i ^ 0. 

The massless Thirring model describes a system of self-coupled fermions with a non- 
trivial four-fermion interaction. In quantum field theoretic models, defined in 3+1- 
dimensional space-time P]-|ni, the four-fermion interaction is responsible for a non-trivial 
vacuum with the properties of a BCS-type superconducting ground state [7]. 

Recently we have shown [Hl^ JHl that the massless Thirring model possesses a non- 
perturbative phase with the BCS-type wave function [S|. 

It is well-known that the massless Thirring model is a solvable model. All solutions 
of the massless Thirring model have been found in the chiral symmetric phase [T^-|22j. 
The most general solution of the massless Thirring model has been obtained by Hagen 
j211l23j . Hagen found a one-parameter family of solutions of the massless Thirring model 
parameterized by the parameter ^. For ^ = 1/2 Hagen's solution coincides with Johnson's 
solution yjj. For ^ = 1 Hagen's solution reproduces the results obtained by Klaiber |20] ^ 
and within the path-integral approach |22j . 

The massless Thirring model possesses four collective fermion-antifermion excitations: 
ilj\{x)ipi{x) , ilj\{x)ip2{x) , il)\{x)ip2{x) and ijj\{x)ijji{x) . In a Lorentz covariant form they 
can be written as 

/^{x) ~ il}{x)'^'^il){x) = il)\{x)il)i{x) + il)\{x)il)2{x), 
A^{x) ~ ip{x)^'^ilj{x) = ip\{x)ilji{x) — iIj2{x)4)2{.x), 

Cr(x) ~ 1p{x)ll){x) = 1p\{x)ll)i{x) + 1p\{x)ll)2{x)-, 

(p{x) ~ ^p{x)'^^%l){x) = ■il)\{x)-il)i{x) - ■il)[{x)'il)2{x), (1.2) 

where A^{x) and A^{x) are the time and spatial components of the 2- vector A^{x) = 
[A^{x), A^{x)); (j{x) and (p{x) are chiral partners under chiral U{1) x U{1) rotations [S]. 
In polar representation the collective excitations (j{x) and v^(x) are defined by <j{x) = 
p{x) cos^{x) and ip{x) = p{x) sin??(a;). In the chirally broken phase of the massless 
Thirring model the vacuum expectation value of the field p{x) does not vanish and is 
equal to {p{x)) = M, where M is the dynamical mass of Thirring fermion fields quantized 
in the chirally broken phase jH] ^. As has been shown in jHlE]; the evolution of fermions 
in the massless Thirring model obeys the constant of motion 

: [ij{x)ij{x)]^ + [7/;(x)27^7/^(x)]2 := C, (1.3) 

^The Dirac 7-matrices are defined by [S]: 7^ = (7° ~ o'i,7^ = ~icr2) and 7^ = 7^7^ = 0-3, where 
(Ti (i = 1, 2, 3) are Pauli matrices. 

^Klaiber's regularization procedure and parameterization has been recently critically discussed in 

^The dynamical mass M is equal to M — A/\J e ^""Z ^ — 1, where A is the ultra-violet cut -off jH]. 
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where C = M^g^ 0. 

In terms of the components of the fermion fields the four-fermion interaction reads 

- ^ : ijj{x)'yf,i!{x)i!{x)Y'ip{x) ■■= -2 : ^/'|(a;)^i(x)V'|(x)?/'2(x) : . (1.4) 

The chiral invariant four-fermion interaction, containing the scalar and pseudoscalar four- 
fermion vertices, is equal to 

^ : {i!{x)ilj{x)y + {ijj{x)i'y^i!{xyf : = : ipl{x)i!2{x)iljl{x)i!i{x) : 

+ : ip2{x)i'i{x)iljl{x)ilJ2{x) : . (1.5) 

Using equal-time canonical anti-commutation relations 

{^.(x°,xi),V^](x°,y)} = 6,,6{x'-y'), (1.6) 

where = 1,2, we reduce the r.h.s. of ()1.5|) to the form 
1 



+ (5(0) : + ■ (1-7) 



- : {iIj{x)iIj{x)) + {ilj{x)i'y ilj{x)) : = ~ 2 : iIjI{x)iIji{x)i/j2{x)iIj2{x 
2 



Using ()1.7p the four-fermion interaction of Thirring fermions can be transcribed into the 
form 

- ^ : ip{x)-f^i){x)ip{x)'j''i){x) : = ^ : {ip{x)i){x)f + (^(x)i7^^(x))^ : 

- (5(0) : V^(x)7V(a;) : • (1.8) 

Hence, one can conclude that the four-fermion interaction of Thirring fermions is respon- 
sible for the description of vector, scalar and pseudoscalar fermion-antifermion collective 
excitations. 

Following Nambu and Jona-Lasino |2] we introduce these excitations with coupling 
constants gi and g2- However, in our case, unlike the Nambu- Jona-Lasino approach 
|2], the coupling constant gi and g2 obey the constraint gi + g2 = 9- The four-fermion 
interactions can then be rewritten in the following form 

-^9 ■ '4'{x)-ff,ij{x)ilj{x)-f>'ij{x) := -^gi : i){x)jf,'ilj{x)ip{x)j'''ip{x) : 

+^ g2 : {^{x)ij{x)y + {^{x)t^'^{x))^ : - g2 (5(0) : ^(x)7>(x) : . (1.9) 



Due to ()1.9|) the Lagrangian ()1.1|) reads 

^Th{x) = : tp{x){iYd^ - 5'2'5(0)7°)^(a;) '■ -^9i- i'{x)'y^ip{x)ij{x)'y^ij{x) 



+ \92- {i'{x)i;{x)f + (7/;(a;)z7'V^(x))' : . (1.10) 
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The term g2S{0)'y^ can be removed by a time-dependent phase transformation iIj{x) 
= e~^^25(0)x°^(^^)_ This gives 



J^Thix) = ■■ ip{x)iYdf,ip{x) '■ -^9i- ip{x)Y'^{x)tlj{x)'yf,4j{x) 



+ ^ : {^{x)^{x))^ + (^(x)27'^(x))2 : . (1.11) 

The massless Thirring model can be represented in terms of local fields of fermion- 
antifermion collective excitations within the path-integral approach In accordance 
with ()l.lip . the generating functional of correlation functions we define as jS] 

^ J. ....... J.. ^^^^^^^^^^^ 

+ 2 92 {^ljix)ip{x)f + 2 fi'2 (^(x)ii7^V(2;))^ + ^ix)i/j{x)s{x) 



+ip{x)i'y yj{x)p{x) + ■ilj{x)Yi^ix)a^{x) j , (1-12) 
where s{x), p{x) and a^(a:) are external sources of scalar, pseudoscalar and vector fermion- 



antifermion densities. The generating functional of correlation functions ()1.12|1 is normal- 
ized by ZTh[0,0,0] = 1. 

In terms of ZTh[s,p, a^] the fermion condensate is defined by 



1 6ZTh[s,p,a 



= (^(x)^(x)). (1.13) 

P=aM=0 



i 6s{x) 

The linearization of the four-fermion interactions we carry out in the usual way 

-i-f^ ^{x) + i-f^p{x))ij{x) + ^ A^{x)A^'{x) - ^{a\x) +^\x))]. (1.14) 

ZQi Zg2 J 

Making a change of variables A^ + ^ A^, a — s ^ a and ip — p ^ ip we get 



■^Th[s,p, a^] = j VijjVip eyi\} i J d x <y^p{x){i d + A{x) — a{x) — (p{x))ip{x) 

+ A^{x)A''{x) - (a^x) + ip^x)) - — A^{x)a''ix) + a/,(x)a'^(x) 
^9i ^92 9i ^9i 

o{x)s{x) ip{x)p{x) (-5^(3;) + P^{x)) \- (1-15) 

92 92 2g2 ) 

Integrating over the fermion fields we arrive at the expression jS] 

^Th[s,j9,a/,] = j VaV^pV'^Aexp i j d^x\^Ccs[(y{x),v{x), A^'{x)] - ^ A^{x)a^'{x) 
— ^(t(x)s(x) - —(fix)p{x) + ^ an{x)a^ix) - (s^(x) +p^{x))\. (1-16) 

92 g2 2gi 25(2 J 



The effective Lagrangian Cef[[o'{x),ip{x), A^^{x)] is defined by 



£eff[a(x),^(x),A^(x)] 



-i tT{x\in {i d + A ~ a — i^^ (f) \x) 



+ A,{x)A^{x) - — 
2^1 2^^ 



{a\x) + ^\x)), (1.17) 



where the first term is caused by the contribution of the fermion determinant with the 
trace calculated over the Dirac matrices. 

According to p.l4|l . we can write down the bosonization rules |Sj 



:i.l8) 
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In terms of the generating functional ()1.16|) the fermion condensate {il){x)il){x)) is defined 
by 



{'4){x)^{x)) 



1 5ZTh[s,p, 



5s{x) 



s=p=a^=0 



1 

92 



(a(x)). 



;i.i9) 



This agrees with the bosonization rules p.l8|) . 

The main question, which we would like to clarify below, is what kind of collective 
excitations is the most important for the solution of the massless Thirring model A^^ or a 
and ip7 The reply on this question can be obtained by investigating the effective potential 
of the massless Thirring model in terms of the fields of the collective excitations. 

The paper is organized as follows. In Section 2 we calculate the effective potential of 
the massless Thirring model in terms of the local fields of fermion-antifermion collective 
excitations. We investigate the minima of this potential and show that the absolute 
minimum corresponds only to the existence of a and collective excitations in agreement 
with our analysis of the massless Thirring model carried out in [H1^JZ|- In Section 3 we 
discuss the wave function of the ground state of the massless Thirring model around the 
absolute minimum of the effective potential of fermion-antifermion collective excitations. 
In the Conclusion we discuss the obtained results. 



2 Effective potential of collective excitations in the 
massless Thirring model 

It is well-known that the minima of the effective potential of collective excitations define 
the ground states of the quantum system - the vacua. Therefore, for the understanding of 
the problem of the vacua of the massless Thirring model we have to calculate the effective 
potential as a functional of o"(x), ip{x) and A^(x) fields, i.e. V^g [cr, A]. 

For the calculation of the effective potential V"efr[o", A] of the quantum field theory 
defined by the effective Lagrangian ()1.17j) we drop the contributions of derivatives of the 
collective fields a, ip and A^. The general expression for the effective potential reads [H] 

V,s[cr,^,A] = -Ces[(T,f,A]\o^=o^=9A=o - ^ A^{x)A^'{x) + ^{a\x) + ^\x)). (2.1) 

^9i '^92 
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The effective Lagrangian Ces[cr, (fi, A]\gf^=Q^=QA=o is determined by 

In the polar field variables a{x) = p{x) cosd{x) and (p{x) — p{x) sin'j?(x) the effective 
potential depends only on p{x) and Af^^x) 

'^-l^-'^l = - / (S? ^^K-^W ■ I) ^»(-*^ + ''^) - ^-^^W + ^''^(-). (2-3) 

where we have denoted A'^{x) — A^(x)Af^{x). 
By a Wick rotation we obtain 

/(Pk / d \ 1 1 

exp ( ^e(x) • ^ j + p\x)) + — Al{x) + — p\x) = 

= -/^M(^E + ^Er + P^(x)) + ^^|(x) + ^p2(x), (2.4) 

where v4|(a;) = —A^{x)A^^{x). 

The calculation of the integral over k reads 

- — Iniik + Af + p^)^—l dkk da£n(k'^ + p^ + A'^ + 2kA cos a) = 
(27r)^ 47r^ Jo io 

= — ^ / (iw / dQ;£n(ii + + + 2-\/u^ cosa) = 
o""" Jo Jo 

= — - da en{A^ + p'^ + + 2AA cos a) 



1 Z"^' , , u + ^/uA cosa 



Stt^ io Jo M + p2 + ^2 + 2i/u A cos a 
da en{A^ + p'^ + + 2AA cos a) - — 



87r2 Jo Stt 

-.A2 r2TT 



1 Z"^'" 1 

— / du(u-p^-A^) / da ^- . (2.5) 

leTT^Jo 7o + + A2 + 2VtiA cosa ^ ^ 



In this equation A = \/~A^ and A is the ultra-violet cut-off. 

In the last integral over a it is convenient to make a change of variables e^^ = z and 
recast it into the contour integral 

, 1 2% f dz 1 

da 



u + p'^ + A"^ + 2yjua cos a A \Ju J\z\=\ 27ri 2 m + p + A 



27r 



a\/u 



z=l 



dz 1 _ 27r _ 27r 

27ri (2; - Zi) {Z - Z2) ~ Zi-Z2~ ^{u + p2 + ^2)2 _ 4^^2 

27r 



where Zi and ^2 are two roots of the denominator 



(2.6) 



Z2 



u + + ^J{u + p2 + A^y - AuA^ 

M + p2 + ^2 + p2 + ^2)2 - 4uA2 



2/101 

The effective potential is now defined by 



(2.7) 



A2 A2 /•2'^ 

Kff [p, ^] = ^ ^ I da £n{A'^ + p^ + A| + 2AAe cos a) 



f 



A2 



H / du 



u- - A 



V + 2(p2 - Al)u + (p2 + ^2)2 2(?i 



(2i 



where A-^ = ^J-A^Ai'. 

Integrating over u we obtain 



Svr 



A2 







du 



— / du , = — \ (u2 + p2 - ALf + 4p2yl 

STryo V(m2 + p2 - ^2)2 + 4p2A2 StT ^ ^ 



u - - A 



^^2 + 2(p2_A2)n+(p2 + A2)2 



A2 





4vryo ^(„2 + ^2 _ ^2)2+4^2^2 

= ^ (v/(A^ + P^-^l)^ + 4pM| - + ^D) 
47r 



A2 + p2 - + y(A2 + p2 _ ^2)2 + 4^2^2 

2p2 



(2.9) 



The integral over a can be calculated explicitly and the result reads 



2tv 



cos a 



271 in 



A2 + p2 + + ^(A2 + p2 + ^2)2_4^2^2 



(2.10) 



Substituting ()2.9p and ()2.1Up in ()2.8p and imposing the condition Kfr[0, 0] = 0, we end up 
with the expression for the effective potential 



In 



A2 A2 



A2 A2 



A2 



In the limit gi ^ corresponding A-^ — > we get the effective potential Kff[p, 0] 

n2 \ / ^2 



A2 

Mp,o] = - 



A2 '""a^ 



(2.12) 



which coincides with the effective potential evaluated in |8, (see Eq.(3.20)). As we have 
already found in 0, the minimum of the effective potential ()2.12|) is at p = M: 



A2 / M2 
VMM,0] = --in(l + — 



A^ 
An 



(2.13) 



The shape of the potential \4fj[p, 0] is depicted in Fig. ^as a function of p/A for 2TT/g 
2/3,1,3/2. 



1 

. 5 

An 

^v;ff[p,o] 

-0 . 5 




Figure 1: The effective potential V^ff[p, 0] of Eq. (j2.12|) as a function of p/A for 27i/g = 
2vr/(72 = 2/3, 1 and 3/2. With increasing g the minimum gets lower and is shifted to 
larger values of p. 



In turn in the limit g2 ^ leading to p = we reduce the effective potential ()2.11|) to 
the form 



Ves[0,AE\ 



Atx 





1-^ 


)1 




A2 





A2 



A2 



27r Al 
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(2.14) 



The shape of this potential can be seen in Fig. |21 Extrema of the effective potential ()2.14j) 
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Figure 2: The effective potential Kff [0, A^] of Eq. (|2.12|) as a function of A^/A for 2ti / g = 
2vr/(7i = 2/3, 1 and 3/2. Witli increasing g the potential is lowered. 

are defined by the first derivative with respect to 

1(1-^)^.^0, ,2.15) 

oAe 27r 27r V g / 

where 0{A\ — Is?) is the Heaviside function. The roots of the equation (|2.15p are equal to 

, A| < A2, 




27r 



A non-trivial solution of the equation ()2.15p exists only for g > 211. 

Analysing the second derivative of the effective potential with respect to we can 
obtain the conditions for the existence of the minima. We get 

™.^^.,.,-AV^(l-H^). 

We have used the relation (A| — A^)5(A| — A^) = 0, where 5{A\ — h?) is the Dirac 
(5-function. For A-^ given by ()2.16p the second derivative is equal to 

1 1 



2^ + ^'^^<^^' 

•^^1 1 - ,Al>A\ 



(2.18) 



9 

Hence, a minimum of the effective potential at p = and gi = g can exist only either for 
coupling constants < 27r at A^*" = or for > 2n at = gl2'K k. 

We would like to emphasize that A^ = is not a real minimum of the effective potential 
for p = but a saddle-point. Indeed, according to the criterion for the saddle-point, it 
is a minimum in A^ but a maximum in p. 

The effective potential (Emi at Ag'*", given by (ITTH|) . is equal to 

, A™" = 0, 




This could testify that the chiral symmetric phase of the massless Thirring model can 
exist for coupling constants g <2tt only. But p = A-^ = is a saddle-point of the effective 
potential for any < g < 2tt. This is clearly seen from Eqs. fl2.12|) - ()2.19p and also Figs. ^ 
and 13 



Since the point p = Ae = is not a minimum of the effective potential (jZTT)), 
the chiral symmetric phase is not stable, and it should make a transition to the chirally 
broken phase in the region < g <27t. This agrees with our results obtained in [HlEIj. 
The difference AV^fj of the effective potentials Kff[M, 0] and V^fj[0, A^*"] is equal to 



A' 



A2 



Ait 



in 1 



in 



27rV 



,0<g<27T, 
,g>27i. 



(2.20) 



It is seen that for > the minimum of the effective potential Ves[p, 0] is always deeper 
than the minimum of Kfr[0, Ae]- Therefore, below we call a metastable minimum and an 
absolute minimum the values of the effective potential ()2.11|) at (p = 0, = ^ gl2i{K) 
and (p = M, Ae = 0), respectively. These minima are separated by a saddle-point in the 
(p, Ae, aicta.n{gi/g2)) space for g > 2tc. The values of these minima are depicted in Fig. El 






2 TT 4 TT 


6 TT 8 TT 10 






-0 . 5 










v;ff[o,A--] 




v;ff[M,o] ^ 




-1 . 5 







-0 . 5 

-1 

-1.5 



2n 47r 67r SttIOtt 
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Figure 3: Depth of the minima 14ff[M, 0] and KfjfO, AJ^™] of the effective potentials 
Kfr[p, 0] and Vcfr[0, Ae\. The minimum of Kff[0, Ae\ is non-trivial for g > 271 only. For all 
couplings g > the absolute minimum is the chirally broken minimum V^g [M, 0]. 



In Fig.EJwe give a graphical representation of the effective potential p.llj) for g = 3tt as 
a function of p/A, Ae/A and arctan(5fi/(72)- The variable arctan(5fi/5f2) is more convenient 
for the graphical description of the system of fermion-antifermion collective excitations. 
We have arctan(5fi/5f2) = for (^i = and g2 = g (scalar and pseudoscalar degrees of 
freedom) and arctan((yfi/5f2) = vr/2 for gi = g and g2 = ^ (vector degrees of freedom). 

We illustrate the behaviour of the effective potential ()2.1H1 by two equipotential sur- 
faces Vefr[p, Ae\ = const above the absolute minimum at (p, Ae, aictan^gi/ g2)) = (M, 0, 0) 
with M/A = 1.03. The equipotential surface at Vesjp , Ae] = Vcs[M, 0] + A^/Utt is below 
the value of the metastable minimum at (0, yj~gj2j\: A,!^ I2}j and surrounds the absolute 
minimum only. The surface at V^ff[M, 0] -|-A^/67r encloses both minima and connects them 



10 



Figure 4: Effective potential for g = Sn, depicted as a function of p/A, Ae/A and 
arctan((7i/(72) by two of the most characteristic equipotential surfaces above the absolute 
minimum V^flf[M, 0]. For the lower value we have chosen V^fr[p, A^] = Ves[M, 0] + A^/127r 
which corresponds to the smaller surface. The higher value V^g [M, 0] + A^/Gtt leads to an 
equipotential surface connecting the two minima by a tunnel. 



by a tunnel. At the most narrow point of the tunnel there is a saddle-point of the effective 
potential. For the decreasing values of g the saddle-point moves towards (0,0,7r/2). 

The non-zero value Ae = \/ gjlTx K for g > 27r should correspond to a chirally broken 
phase. This can be proved by calculating the vacuum expectation value of the product of 
the vector currents 

Al = -(A^(x)A'^(x)) = -g^{ijix)-f^^{x)^Pix)j^ijix)) = 

= -ghT{SF{0)j,SF{0)j^}. (2.21) 

where we have used the bosonization rules (jl.l8j) and Sf{x) is the two-point causal 
Green function of the Thirring fermion fields, which we define using the Kallen-Lehmann 
representation [TTl HH] 

Here pi(m^) and P2(^^) are Kallen-Lehmann spectral functions. In the chiral symmetric 
phase the spectral function p2{Tn?) should vanish, p2{'m?) = 0. Let us show that the 
non-zero value of Ae is defined only by p2{fn^) 7^ 0. 

Substituting ()2.22|1 in 1)2.211) . using the identity 7^7°7'^ = and integrating over k we 
end up with the expression [T7j 

2 



42 



I dm^ p2(m'^) in( 1 + ^ 
27r Jo V 



(2.23) 
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Hence, ^ only for p2{m'^) 7^ 0. 

For the comparison with we suggest to calculate p defined by 



P 



^72[tr{^^(0)}]2 + /tr{^^(0)^^(0) 

'_g_ r ...... A' 

2n 



7^5^(0)7^5^(0)} 



dm^ P2{m'^) in(l H 



(2.24) 



where we have also used the bosonization rules ()1.18p . This testifies that only the saddle- 
point of the effective potential (p = 0, A^ = 0) corresponds to the chiral symmetric phase 
of the massless Thirring model. It can be realized only for P2{'rn?) = 0. In turn, the 
minima (p = 0, A^ = gj^T^K) and (p = M, A^ = 0) correspond to the chirally broken 
phases of the massless Thirring model, which demands P2{'m?) 7^ 0. The stability of the 
minimum (p = M,Ae = 0) under quantum fiuctuations p{x) = M + p(x), where p{x) is 
a fiuctuating field has been shown in [Hj. 



3 Ground state of the massless Thirring model at the 
minimum (p = M, = 0) 

Placing massless Thirring fermions into a finite volume L the BCS wave function of the 
ground state of the massless Thirring model is defined by [SI 

l^^(O)) = + V a\p'pi-p')] |M/o), (3.1) 

pi 

where |\E'o) is the wave function of the chiral symmetric vacuum, the coefficients Upi and 
Vpi have the properties: (i) u^i + = 1 and (ii) = Upi and = —Vpi |Hl CHI, 
a^(p^) and 6^(p^) are creation operators of fermions and antifermions with momentum p^. 

According to Nambu and Jona-Lasinio [21] , the wave function ()3.1|) should be a linear 
superposition of the eigenf unctions 1^2™) of the chirality operator X, defined by 



-L/2 

X(a;°) = hm / da;V^(a;°, x^)7^^/'(x°, x^), (3.2) 

-L/2 



L— >oo 



with eigenvalues Xn = 2n , e Z, i.e. 

|n(0)) = 5^C2„|1^2n) = 5Zl$2n). (3.3) 



A chiral rotation of a fermion field ip{x) is defined by [21] (see also [H]) 

e -^«aX(xO) g +2«aX(xO) ^ g (3.4) 

where we have used canonical anticommutation relations 

Wx',x'),^^{x',y')} = 6{x'~y'). (3.5) 
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For chiral rotations of fermion fields with a chiral phase the wave function (|3.1|) changes 
as follows 1^ 

\^{o^a)) = \{[u,. + V e-2^^(P')"^ at(pi)6t(-pi)] (3.6) 
pi 

where e{p^) is a sign function. In terms of the wave functions |$2n) are defined 

by m 

Jo 

Substituting ()3.7j) in ()3.(ij] and using the identity 

^ e = SiaA - kTc) (3.8) 



one arrives at the BCS wave function ()3.1|) . Defining the 5-functions as 

5(aA - A;vr) = lim - f — - (3.9) 



we obtain 



= -/ daA ^ 6{aA~ k'K)\Q{aA)) = - daAS{aA)\^{(yA)) 

+ - / daA^iaA- 7r)\Q{aA)) + - rfa^ (5(a^ - 27r)|fi(aA)) = 

= ^ \m) + I M^)) + \ l^rr)) = \m)- (3.10) 

Since |$2n) are eigenfunctions of the chirality operator, X|$2n) = 2ra|$2n)) they transform 
under chiral rotations as follows 

-M(0)|(. \ _ ^ +2m«A ^ -M(0) 



$2n) = / :|^e™"Ae-^«^W|n(a^)) = 

^ e+2^^«A |^(«^ + a)) = e -^2n«|$^^^_ (g ^) 

This agrees with Nambu and Jona-Lasinio 

It is seen that only the wave function |$o) with chirality zero is invariant under chiral 
rotations. Hence, it can describe a non-trivial chiral symmetric ground state of the 
massless Thirring model in the vicinity of the minimum (p = M, Ae = 0). 

As has been shown in |^ the effective potential, calculated at the minimum (p = 
M, = 0), coincides with the energy density of the massless Thirring model with the 
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ground state described by the wave function (|3.H) . The Hamiltonian of the massless 
Thirring model is equal to jH] 



+ i g : x')j,^{x^, x')Y^{x\ x') (3.12) 

where : . . . : indicates normal ordering at an infrared scale /i, which should be finally set 
to zero /i — [13]. 

The energy density of massless Thirring fermions in the ground state, described by 
the wave function ()3.1|) . is defined by [Hj 

1 r+L/2 

£{M)=\im- rfxM^](0)|7^(x^xl)|fi(0)). (3.13) 

As has been shown in |8ij it is equal to 

S{M) = V{M,Ql (3.14) 

where V[M, 0] is the effective potential of collective fermion-antifermion excitations cal- 
culated at (p = M, = 0). 

Since the Hamiltonian ()3.12|) is invariant under chiral rotations, the same energy den- 
sity ()3.14j) corresponds to the ground state described by the wave function \VL{aA)) ()3.(i|l 

1 r+L/2 

£{M)^^ = lim - / dx^ {Q{aA)\n{x°,x^)\Q{aA)) = 

L^oo L J_L/2 
1 r+L/2 

= lim - / dx' (fi(0) |e +^(^aX ^^^o^ ^i^ ^ -ioaX j^^q^^ _ 

L^oo L J_L/2 

1 r+L/2 

= lim-/ dx^ {n{{])\n{x\x^)\n{{])) = £{M), (3.15) 

where we have used that 

e nix", x^) e = 7^(x°, x^). (3.16) 

The fact that the BCS wave function is not an eigenstate of chirality guarantees that the 
properties of the ground state do not depend on the exact number of fermion pairs. 

In order to clarify this assertion we would like to draw a similarity between chirality 
in the massless Thirring model with triality in QCD [21] • In QCD there exist no trial- 
ity changing transitions, this means a dynamical change of triality is impossible. It is 
well-known that the confined phase in QCD is Z{3) symmetric. Triality zero states are 
screened, and triality non-zero states are confined. This means that states with different 
triality behave differently. Whereas in the high-temperature phase of QCD all triality 
states behave in the same way, they get screened. This is guaranteed by the spontaneous 
breaking of Z{3) symmetry. In our case the situation is similar to the deconfined phase. 
In the massless Thirring model there are no chirality changing transitions. The ground 
state is of BCS-type, defining a condensate of fermion-antifermion pairs with different 
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chiralities. In order to get a ground state with properties independent on the exact value 
of total chirality of all fermion-antifermion pairs, we need spontaneous breaking of chiral 
symmetry similar to the the spontaneous breaking of Z{3) symmetry in QCD. Such a 
spontaneous breaking of chiral symmetry is realized by the BCS wave function. 

However, for the description of the ground state of massless Thirring fermions around 
the minimum of the effective potential {p = M,A-e = 0) one can use |$2n), the eigen- 
function of chirality operator X. One can show that the energy density of massless 
Thirring fermions in the ground state, described by the wave function |$2n), is equal to 
S{M) = V[M, 0]. The proof runs in the way 



£{M) 



L-^oo L J_L/2 Jq 



2n 



L—*oo L J_T^i2 L^oo Jq ItT Jq ItT 



L J-L/2 

The wave functions \Q{a'j^)) and \Q{aA)) are orthogonal for 7^ oaIHI- Indeed, the 
scalar product {Q{a'j^)\Q{aA)) of the wave function for a ^ 7^ is equal to jSlElI 



{n{a'A)\n{aA)) = limexpl— dk^ in 



1 — sm (a A — oaJ 



= (3-18) 
It is obvious that the matrix element of the Hamiltonian should be diagonal 

{Q{a'A)\n{x\x')\Q{aA)) =S{M)6^'^^^. (3.19) 

This agrees with Nambu and Jona-Lasinio |21j. Insertion of ()3.19j) into ()H.17j) gives 

S{M)2n = S{M). (3.20) 

The order parameter of the superconducting BCS ground state is defined by the vacuum 
expectation value [Hj 

iO^) = }imjJ2<P'){m\b\-p')a\p')\m) = 

pi 

2 v-^ , -,, M , , 

= - hm - } ^£{p jUpiVpi = . (3.21) 

L—^oo L '—^ g 
pi 

Using the procedure developed in one can show that in the limit L ^ 00 the operator 
0+ coincides with the scalar fermion density operator '?/'(0)'?/'(0). 

It is important to emphasize that the operator satisfies the selection rules AX = 2. 
This means that a non-vanishing value of the order parameter can be obtained only for the 
ground state of the massless Thirring fermions described by the BCS-type wave functions 
f)3.1|) and ()3.6p , which are not eigenfunctions of the chirality operator ()3.2p . 

We would like to notice that spontaneous breaking of chiral symmetry in the massless 
Thirring model is not due to the fermion condensation but caused by the wave functions 
of the ground state of the fermion system. Indeed, the vacuum expectation value of the 
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operator (9+ is zero for any wave function |$2n) accepted as the wave function of the 
ground state of the massless Thirring model. The main pecuharity of the wave function 
|$2n) is the fixed chirahty corresponding the fixed number of fermion-antifermion pairs. 
As we have shown above the wave functions of fermion system with a fixed number of 
fermion-antifermion pairs describe the ground state with a broken chiral symmetry and 
Thirring fermions with a non-vanishing dynamical mass M but the fermion condensate 
is zero. 

However, the ground state (or the vacuum state) of quantum field theories of fermions 
in 2D-dimensional space-time does not have a fixed number of fermion-antifermion pairs 
but the number of them is infinite. Therefore, the correct wave function of the vacuum 
(the ground state) should be a linear superposition over all states with a fixed chirality or 
the fixed number of fermion-antifermion pairs. This leads to the BCS-type wave function. 
For the BCS-type wave function the fermion condensate does not vanish [H]. 

4 Conclusion 

We have analysed the massless Thirring model in terms of local fields of collective fermion- 
antifermion excitations, which can be excited by the four-fermion interaction. We have 
calculated the effective potential Kflf[p, Ae], where we have denoted = ^/--A^J^ic)AH^ 
and p = -\/a^(xy+~^^0^- The fields A^^{x), a{x) and ip{x) are the local fields of fermion- 
antifermion collective excitations, related to Thirring fermion fields through the bosoniza- 
tion rules given by (|1.18|) . 

Setting p = and g2 = 0, we have shown that for coupling constants g < 2ti the 
effective potential Kfr[0, ^e] possesses a chiral symmetric minimum at A-^ = 0. Allowing 
for p 7^ this state turns out to be only a saddle-point. Hence, this state cannot define the 
real ground state of the massless Thirring model which can be found at (p = M, Ae = 0). 

For g > 271 there are two minima (p = M,Ae = 0) and (p = 0, Ae = \/(?/27r A) 
corresponding to a broken chiral symmetry. The first minimum (p = M, Ae = 0) is deeper 
than the second one (p = 0,Ae = ^/^/^ A) and is, therefore, energetically preferable. 

Thus, one can conclude that the evolution of the massless Thirring model goes through 
the formation of scalar and pseudoscalar fermion-antifermion collective excitations with 
fermion fields quantized relative to the minimum of the effective potential V^s [p, A^] at 
(p = M, Ae = 0). 

We have shown that the ground state of the massless Thirring model quantized around 
the absolute minimum (p = M, A^ = 0) is described by a BCS-type wave function, which 
is not invariant under chiral rotations and provides spontaneous breaking of chiral sym- 
metry. The fermion condensate of Thirring fermions described by this wave function does 
not vanish because the BCS-type wave function is not an eigenfunction of the chirality 
operator. For eigenf unctions of the chirality operator the fermion condensate is zero. 
Nevertheless, such a choice of the wave function of the ground state does not destroy 
the position of the absolute minimum of the effective potential coinciding with the energy 
density of the ground state, the dynamical mass M. This means that the chiral symmetry 
breaking in the ground state implies an independence of the ground state on the exact 
value of chirality. 

In polar degrees of freedom the effective quantum field theory of collective fermion- 
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antifermion excitations with fermion fields quantized around this minimum is the quantum 
field theory of a free massless (pseudo) scalar field i){x), which can be constructed without 
infrared divergences [H]. The former can be reached by removing the collective zero-mode 
from the observable modes. Indeed, since the massless Thirring model is well-defined and 
does not suffer from infrared divergences (see also |2I]) a formulation of the free massless 
(pseudo) scalar field '&{x), bosonizing the massless Thirring model in the chirally broken 
phase, should not also suffer from an infrared problem. The ground state of a free massless 
(pseudo) scalar field {}{x) is described by the bosonized BCS-type wave function of the 
ground state of the massless Thirring model in the chirally broken phase [T5| I16j. 

In this connection we would like to remind that, according to Wightman |2Zj, a quan- 
tum field theory of a free massless (pseudo) scalar field 'i9(x), suffering from infrared diver- 
gences, leads to a violation of Wightman's positive definiteness condition if Wightman's 
observables defined on the test functions h{x) from the Schwartz class iS(M^). Due to 
this problem Wightman j^Zj and then Coleman [2H] prohibited the existence of quantum 
field theories of free massless (pseudo) scalar fields in 1+1-dimensional space-time. In 
Coleman's formulation such a suppression was expressed as a non-existence of Goldstone 
bosons and spontaneously broken continuous symmetry in quantum field theories defined 
in 1+1-dimensional space-time. 

It is interesting to remind that Wightman [2Z] admitted a possibility for the existence 
of a quantum field theory of a free massless (pseudo) scalar field in 1+1-dimensional space. 
He pointed out that for Wightman's observables defined on the test functions from the 
Schwartz class 5o(]R^) = {h{x) G 5(]R^); h{0) = 0}, where h{0) is the Fourier transform 
of h{x) given by 

h{0) = lim J (fix h{x) e ' ^ = 0, 

Wightman's positive definiteness condition should be fulfilled. As a result there are no ob- 
jections for the existence of such a quantum field theory of a free massless (pseudo) scalar 
field. As we have shown in [T^ for test functions taken from the Schwartz class iSo(M^) = 
{h{x) G iS(]R^); /?.(0) = 0} Coleman's theorem tells nothing about the non-existence of 
Goldstone bosons and spontaneously broken continuous symmetry in 1+1-dimensional 
space-time^. The removal of the collective zero-mode from the observable vibrational 
modes of the free massless (pseudo) scalar field ^{x) corresponds to Wightman's assump- 
tion to formulate the quantum field theory of a free massless (pseudo) scalar field d{x) on 
the Schwartz class of test functions 5o(M^). 

We have reformulated this assertion in terms of the generating functional of Green 
functions [S]. In ^H] we have shown that the collective zero-mode is a classical degree of 
freedom. Therefore, it cannot be quantized and used as a fiuctuating degree of freedom 
in the path-integral describing correlation functions of massless Thirring fermion fields 
in the bosonized form. Thus, the use of the free massless (pseudo)scalar field d{x) with 
the classical collective zero-mode removed describes well the bosonized version of the 
massless Thirring model in the chirally broken phase. We would like to mention that 
the necessity to remove the collective zero-mode for the non-linear a-model in one and 
two-dimensional space has been pointed out by Hasenfratz pUj . 

^The irrelevance of the Mermin-Wagner-Hohenberg theorem to the analysis of spontaneously 
broken chiral symmetry in the massless Thirring model and a free massless (pseudo)scalar field theory in 
1+1-dimensional space-time we discussed in details in 
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